Vibration of a liquid droplet is easily controlled by the Rayleigh surface acoustic wave (SAW). In the vibration of a liquid droplet, two cases are considered: free vibration and forced vibration when it is excited without and with SAW excitation, respectively. For the free vibration, the theoretical and experimental results have already been reported. In the forced vibration, when input excitation was increased, we had determined experimentally that vibration of a liquid droplet shows two nonlinear phenomena. One is, with the increase in SAW input voltage, resonance frequency decreases and vibration amplitude exhibits jump phenomenon. The other, in addition to the fundamental frequency, second and third harmonics, and 1/2 and 3/2 subharmonics are observed. In this report, we explain the two nonlinear phenomena qualitatively using the Duffing equation including the term of a nonlinear spring.
Introduction
We have reported the analysis of the free vibration of a liquid droplet based on two models. One is the spherical droplet model in partial contact with spherical bowl 1, 2) and the other is the spring-mass-dashpot system model. 3) Consequently, the theoretical results obtained using these models and the experimental result obtained using surface acoustic waves (SAWs) 4) showed good agreement, and the validity of the free vibration models was confirmed. 2) In the forced vibration of a liquid droplet, when excitation was increased, we had determined experimentally that vibration of a liquid droplet shows nonlinear phenomena. In this paper, it is clarified that the forced vibration model can be adopted in the nonlinear equation called the Duffing equation.
Nonlinear behavior by acoustically levitated free droplets was observed by Trinh et al. 5) and DePaoli et al. 6) experimentally detected nonlinear responses in the case of droplets of mixtures of glycerin and water that were suspended from the tip of a capillary tube and forced to undergo oscillations by subjecting them to a mechanical or an electrical force. Wilkes and Basaran 7) theoretically studied these phenomena using the equation of Navier-Stokes.
Experiment on Vibration on a Liquid Droplet by SAW Streaming

2-4)
Vibration method
Rayleigh SAW radiates a longitudinal wave into a liquid droplet when the SAW propagation surface is in contact with the liquid (Fig. 1) . If the SAW power is raised above a certain threshold value, the liquid droplet begins to move or to stream. We call this phenomenon SAW streaming which is used for vibrating a liquid droplet.
The SAW device pattern used in the study is shown in Fig. 2 . In the experiment, a pair of interdigital transducers (IDTs) and an evaporated metal film (Au/Cr), with a circle pattern between IDTs, were fabricated on a 128
• YX-LiNbO 3 substrate. We designed the circle pattern for a liquid droplet to exhibit a hemispherical shape at a contact angle of 90
• . The 49 pairs of IDTs employed in this study had a typical center fre- gion of the metal film was prepared under hydrophilic condition (wetting). A liquid droplet was placed on the circle pattern, and vibrated by the SAWs excited from both IDTs (Fig. 3 ). Figure 4 shows the experimental setup. When a pulsively modulated input power was fed to both IDTs simultaneously, we observed vibration of a liquid droplet with resonant frequency in the hertz order. We illuminated the liquid droplet horizontally with a laser. The changes in the displacement of the liquid droplet were measured with a position sensitive diode (PSD). The frequency of vibration of a liquid droplet was obtained from the PSD output signals using a standard fast Fourier transform (FFT) method.
Measurement system and vibration amplitude
An example of the step response of vibration of a liquid droplet is shown in Fig. 5 . Figure 5 (a) shows the signal actually inputted into IDTs. This signal is the RF signal that induced amplitude modulation of the 50 MHz sine wave (center frequency of IDT) from the 1 Hz rectangle wave. Figure  5 (b) shows the time response of height change of a liquid droplet excited by the input of this signal. When the signal is inputted into the IDT, a liquid droplet is subjected to forced vibration that shows a complicated oscillatory waveform, and when SAW input is stopped, it is subjected to free vibration that shows simple attenuation. Figure 5(c) shows the spectrum of the oscillatory waveform, and two large peaks are observed that correspond to frequencies of forced vibration, f n , and free vibration, f 0 . f 0 is not affected by the input IDT voltage, while f n is significantly affected.
Free Vibration of Liquid Droplet
Precise solution using the spherical droplet model in
partial contact with spherical bowl 1, 2) Under the assumptions of zero gravity, negligible viscous effects, axisymmetric vibrations, incompressible fluid and small surface deformations, the problem of free vibration of a liquid droplet on the SAW device has been analyzed using a model in partial contact with a spherical bowl (Fig. 6) . In this model, f 0 is given by
Here, σ is the surface tension, ρ the density of liquid droplet, R the radius of liquid droplet, V the volume, θ the contact angle and M the eigenvalue for mode M which corresponds K. MIYAMOTO et al. 3467 to the Mth Legendre polynomial.
Free vibration model using the spring-mass-dashpot system 3)
We assumed the free vibration of a liquid droplet to be expressed in the spring-mass-dashpot system, since it exhibits simple decay vibration, as shown in Fig. 5(b) . The movement equation for displacement x is expressed as
where m is the mass, γ the friction and k the spring constant. Equation (2) may be rewritten as
where
Here, ω 0 is the free frequency, α the decay constant of vibration, and ω the frequency change due to the loss of vibration. For α 0.0006 from the experiment), ω ω 0 . We consider a small hemispherical liquid droplet with radius of R. Consequently
The stiffness k is related to the surface tension and expressed as
Here, C 1 is a system parameter deduced from the experiment. f 0 in the case of a hemisphere droplet (contact angle θ = 90 • ) can be expressed as
Equation (7) is equal to eq. (1) in the case of the spherical droplet model in partial contact with the spherical bowl. In order to verify this, we investigated the liquid droplet radius dependence of f 0 . As shown in Fig. 7 , the approximated value (dashed line) obtained using eq. (7) is in good agreement with the measured value (q) and the precise solution of eq.
(1) (solid line, for mode number M = 1). Consequently, the validity of the simple spring-mass-dashpot model was confirmed.
Forced Vibration of Liquid Droplet
Resonance frequency decrease and amplitude jump phenomenon 4.1.1 Experiment
During SAW excitation, vibration of a liquid droplet showed a complex oscillatory waveform. We measured the vibration amplitude of a 10 µl liquid droplet by changing SAW input RF pulse frequency. The measurement result by changing SAW input voltage is shown in Fig. 8 . The frequency at which vibration amplitude is the largest is considered as resonance frequency. The resonance frequencies were 82, 79, and 76 Hz for SAW input voltages of 4, 6, and 8 V p− p , respectively. When SAW input voltage was small, a liquid droplet resonated at almost equal free vibration frequency. However, with the increase in SAW input voltage, a nonlinear phenomenon was observed in that resonance frequency decreased and vibration amplitude jumped between two values.
Duffing equation
In order to explain the above-mentioned nonlinear phenomenon, we applied the nonlinear equation called the Duffing equation:
Here, a is the nonlinear constant and F the external force. Equation (8) may be rewritten as
Here, C is a nonlinear constant. The nonlinear term and the external force are added to eq. (3) of the spring-mass-dashpot system model. The motion x is approximated by
Substituting eq. (11) into eq. (9), the expression of the relations of vibration amplitude, forced frequency, and external force is obtained:
The calculated results of C = −3.0 × 10 11 (m −2 s −2 ), α = 11 (s −1 ), and ω 0 = 2π × 82 (rad·s −1 ) are shown in Fig. 9 as parameters of F. The calculated result agrees with the experimental result as shown in Fig. 8 . From this fact, it was proven that the above-mentioned nonlinear phenomenon could be qualitatively explained by the Duffing equation with a negative value of C.
Excitation of higher harmonics and subharmonics 4.2.1 Experiment
When SAW input voltage was increased at the same RF pulse frequency, the fundamental frequency, second and third harmonics, and 1/2 and 3/2 subharmonics were observed, as shown in Fig. 10 . This is also a nonlinear phenomenon.
Calculated based on Duffing equation
We also examined this nonlinear phenomenon using the Duffing equation. The results calculated using the fourth Runge-Kutta method are shown in Fig. 11 . It was also proven that the excitation of higher harmonics and subharmonics could be qualitatively explained by the Duffing equation.
Conclusions
The forced vibration by SAW excitation shows nonlinear behavior. In this paper, we explained two nonlinear phenomena qualitatively using the Duffing equation including the term of a nonlinear spring constant. Since this term is negative, it is considered that the vibration of a liquid droplet is a soft spring and induces large deformation. Because the spring of a liquid droplet is directly related to the surface tension, we conclude that the surface tension is the cause of the nonlinear behavior.
